
 
Sylow uorem

In this section we will makemuchmore progressclassifying finite groups
based on their order First somedefinitions

Definition let G be a group and p prime

1 A group of order p for 420 is called a p gn Subgroups

that are p groups are psubgroupse

2 If G is a group of order p'm where p doesn't divide in
then a subgroupof order ph is called a Sylow
p subg.hr of G

3 The set of Sylow psubgroups of G is Sylp G and the

number of Sylow p subgroupsof G is np G

Before we state andprove the SylowTheorems we needthe
following lemma

Leinma let Pesylp G If Q is any p subgroup of G then

Qh Ndp Qnp

PI Let H QnN P Note that HEQ so it's a p group



PEN P so Q h PE H Thus we just need to show the
reverse containment

We know HEQ so we just need toshow HEP

HENG P so by a theorem from a previous section end of section

12 in the notes Plt is a subgroup of G
pgroup Pgroup

The second isom Thin says THE H so IPHI 4 14
Pp group

Thus PH is a pgroup PE PH so palPH Thus IPHI p
so P PH Thus HEP D

Now we prove TheSylowTheorems For the rest of the section
assume G is a group of order pain where p is a prime hot

dividing in

Sy art Sylow p subgroups of G exist i e

Sylp G 0

Pt We will prove this by induction on 1Gt If 161 1 we're
done Assume thestatement holds for all groups of order IGI

Eased p I IZCall Then by Cauchy's Thin for abelian groups
F a subgroup NE 2 G of order p



Thus 1 1 p m So by induction has a subgroup

PIN of order p

Then IPl 1 1IN pd so P is a Sylow p subgroupof G
and we're done

Caser2 p doesn't divide IZ G let g gr be representatives
of the conjugacy classes not contained in the center

The classequation is 1Gt 2 G It IG Calgill
If pl IG CaCgi I for all i then we'd also have Pll2 G I a

contradiction Theus there is some i s t p doesn't

divide IG Ca gill For this i set H Ca gi

Then IHI p k where p doesn't divide k

gie 2 G so the centralizer can't be all of G Thus

IHILIGI so byinduction H has a Sylow p subgroup of

order p w it's also a Sylow psubgroup of G D

EI If 161 168 then 168 23 3.7 so G has subgroups
of orders 8,3 and I amongothers We also know it has
a subgroup of order 2



Before proving the next part we make a calculation By the
first part there is some Sylow p subgroup P of G

let S P R Pr be the conjugates of P

i e S gPg goG let Q be any p subgroup of G
Q also acts on the set 5 by conjugation

By construction G acts transitively on S but Q may not
We can write

S O U U UO

where the Gi are the orbits of S under the action of Q
Thus r 10 It lost Renumber the Pi so that the
first r elements are representatives of each i

i e Pi COi for i l s Note r doesn't dependon Q s does

Thus Oil Q Qpil where Qpi is the stabilizer of Pi
But

Qpi qeQ qPiq Pi No Pi Na Pi AQ PiAQ by
the Iemma

Thus 1 1 1Q PiAQI



If we set Q R we get 10 I P P ftp I

For i I P Pi so RAR LP So

Oil P P.nl 1 for Zeiss
7

powerof p

Thus r 10 lt 0z t t 0s r 1 modp
it
1 div by P

i e we just showedthat the of conjugates of a Sylow psubgroup
is equiv to 1 modpl We'll use this in the proof

sylowbtheovem.part 2
li If P is a Sylow p subgroup of G and Q any p subgp
of G then 7 goG s t Q E gP g i e Q is contained in

some conjugate of P In particular any two Sylow psubgroups
are conjugate in G

2 The number of Sylow p subgroups of G is of the form
ItKp i e

Up modp

Moreover up G Na P for any Sylow p subgroup P
Thus hp th

PI Let Q be any Sylow p subgroup Suppose Q is not contained



in any conjugate of P i e any Pi

Then QAR LQ t i so

if Q Q Al I I for Isies

dir by P

Thus p divides 18 It Os h a contradiction

Thus QE Pi for some i which proves the first part of 1

If Q is a Sylowp subgroup then Q EPi P But IQI IPI
so Q Pi some i which finishes the proof of l

Thus every Sylow psubgroup is one of the Pi so np r l modp

Recall that we showed that the number of conjugates of a

subset of a group is the index of its normalizer Thus

up IG Nulph for any Sylow p subgroup P D

Note that this theorem implies that

any two Sylow p subgroups are isomorphic

We also know that if np 1 hone of theSylow p subgroups can be

normal In fact



Cer let P be a Sylow psubgroup of G The following are

equivalent

1 P is the unique Sylow p subgroup of G i e hp L

2 PIG

3 If 4 G G is an automorphism 4 P P ie P is characteristic

4 If X E G s.t 1 1 is apower of p f xeX then X is

a pgroup

PI l holds gPg t P b go G P is normal
Su l 62

If l holds them for any automorphism 4 G G 14 P l Ipl
So 4 P P so 1 3

If 3 holds then for anygeG consider the automorphism
4 G G defined h ghg Then P Y P gPg so

P is normal i e 3 2

If 4 holds then let X be theunion of all the Sylow psubgps
Each elf of X musthave order a powerof p so X

is a p subgp But then it's contained in a Sylow psubgp
x X a Sylow p subgroup



Thus there is only one Sylow p subgroup so t l

If 1 holds then let have order a bower of p Then
EP so any set of such elements generate a subgroup of

P which is thus a p group so 1 4 D

Examples let G be a finite groupand p prime

1 If p doesn'tdivide 1Gt then I which hasorder pg
is the unique Sylowp subgroup

2 If G is a finite abelian group then all its subgroups are
normal so it has a unique Sylow p subgroup for each p

lcmc.dz

3 1531 2.3 It has 3 Sylow 2subgroups 127 42377413D
It has a unique thus normal Sylow3 subgroup 123

4 IA41 12 223 It has just one Sylow 2subgpCot order4

by a hw problem It has4 Sylow3subgroups

5 Note that D8 actsfaithfully on 1,23,43 so Dr Sy
1541 24 23.3 Thus every Sylow 2 subgroup is isomorphic

to Do



However Sy has 9 elements of order 2

12 13 14 23 24 34 12 34 13 24 I4 23

which mustbe in Sylow 2 subgroups So he l hz

divides 3 and is 1 mode so he 3

There are more than 2 elements of order 3 so has l

But no 8 so hz 4

We are now able to prove Cauchy's Theorem more generally

Cauchyistheovern let G be a finite group and suppose p lGl
Then G has an element of order p

PI Let P be a Sylow p subgroup Since p1191 P
has order pd some 421

We showed P hasnontrivial center so p1174031 2 P is

abelian so by Cauchy's Theorem for abeliangroups
there is some age2 P s.tn gl p D

Ex let G be a group of order 12 3 22 We shew either
G has a normal Sylow 3 subgroup or GEAy

Suppose h 1 1 let PoSyl G



Nz L mud3 and ns4 so hes 4 Distinct subgroups of order
3 intersect just at the identity and each have 2 elements
of order 3 so G has 2 4 8 elements of order 3

IG Ndp hs 4 so Ng P P

G acts by conjugation on the four Sylow 3 subgroups
so we get a permutation representation 4 G Sy

The kernel is the subgroup KEG which normalizes all
the Sylow 3 subgroups In particular K d NaCP P but P
isn't normal so K l Thus 4 is injective so

G 4cal ES

There are exactly 8 elements of order 3 in Sy all in

At so 4 G hay has at least 9 elements including
the identity

But both groups have order 12 so 4cal Ay so GEAy

EE let p and g be primes pig and suppose 1Gt p of
We'll show G has a normal Sylowsubgroup for either

p or q let Pesylp G QE Sylar G



Causey p q Then hp L mod P but up of so

hp L so PIG

Case2 ptg If ng l Q EG Thus assume hq I

Then hq I tq some t 0 and hq p Thus hay p or

p But q p so ng t p Thus hq It tq p

tq p I pti p l

q is prime so q ptl or q p 1 since g p the latter
can't happen Thus q ptl so g Ptl

But the only two primes that have a difference of 1 are
2 and 3 so p 2 g 3 and 161 12

Thus by the previousexample G has a normal Sylow 3subgp
or GEA which has a normal Sylow2 subgroup


