S"il ow's  heovemn

ln tuis wehom, we will make mudh more pvogresg C\O—SEiF\jinﬂ finite groups
bosed on twiiv ovdur. ‘F“’H‘, deﬁ'MI‘hKV\S'-

Definition: Lt G be a Jroup omd p  primae.

1) A qup of ordar }0* v o020 is called a p-gue. Subjnups

That ave p-gups are  p-vubqrups.

2) & (G 1s a group o ovdaor lo"‘m where  p doesn't divida m,

T o Subamupu'@ ov-dur p" is called a 3:\_-3\6\/0

3) Twe ek of Sylow p-W\oﬁva(oS o (5 1% %.8]‘,(6»3 omd g
humber o Sylow p-subgroups o# G s V\p(G\-

Before we Slate amd prove e %ﬁlow _ﬂ/\ww/ms) we ed The
‘PDl(UWiV\j lemima -

lormme:  Let ’Pc‘%tjlp(é‘). I+ Q@ is my p—wbﬂwup of C’)/'h/um
QAN P)=-QNP

PE: Let H=Q(\I\)Q(P). Note ™wat H<Q w it's « P -group.



’PSN&(P))% QNP EH. Thus, we dus'l- heed to fhow Tue

Veverse  containnmunit.

We know H=2Q,w we just heed fo show H<P

HéN@(P), Yo hxj a Theovenn fom a Previouns scchisn (emd o sectin
12 i e Vtoks\’ PR iy a %ulojvuulo ot G

PH~- ~ H
The second  igomn T says P = 4\!* , W ‘PHI: I E

Thus PH i a p-§roup- PéPH) o P«\PH, Thuy, \PH\:\‘,)
Yo P=PH —nrw.s HéP 0

Now Wwe prove T Snjlow Theovoems. For T rest of T %c‘h’(ﬂq)
assume. O is @ jroup oL  ovdar \o“m) Wheve P is a prime not

o[i\n'dlmg m.

Sﬂlow‘s ‘nuo!re,m) pavt |° Snlow P ~ubgroups ot G exist! e

Pt We will puve Tvis by indudton  on |Gl L£ l(J\l=l, we'rre
dovie . Assumg twe staterment holds B all 3vou’93 ot ovda v <[G,l

Cose |- P“z(ﬁdl, T by Camohy's Tum for  abelion groups,
3 @ ubgroup N<Z(6) o ovdu P-



Thus, \C”/m\’P*'lM. So, by induchion, 7K has by
P/N o ovder F«-.‘

T, |P\= \P/t\)\°lNl=\°°(, o P is a Sjlow P“mlojvouy:u(z Gn,
ol welve dona.

Cose 27 p  doesn't dijvide (?CG\B‘ Le Jus o g bt rpresentativeg
ot T Lojigacy closses ot wwtained in e anter.

T Cloas equation 1s l&l = ‘ZC(;,) *'él\é." Cc\(j(,\l'

L& P\lG‘chCch for all i, tm  we'd also have Pll2(&)l, a

J

tombradichion. Ty e 8 some sk p doesh't
olivide \C‘:(’G‘Q}AK- For twic ¢ set H=C, QA.

Tunm \Hl=\0°(k, whire  p doesu' divide k.

9:¢ 2(6), w e cenbalizer  cant be all o G, Thus
lHl < [G‘ , L’”’J ihaluc,{’\'mq( H bhas a Sylow p-cubjmup of
order p%, b it's also  « Salow k:—w)ojvo‘up ot Gs\ Ll

Ex: £ kfal '=|(p‘&l T (S = 23' 3 'q'j w G has Wlﬂjl/uufx
ot ovderg T,3,0md T (MMOMj OMVSI.)_ We alse  know, i+ hoy
oL %‘u\ojmup A ovde 2.



Before \ovu\/(v\j Tue wey b pavt, Wwe Wake a caleu laton. Buj v
'Pﬂrs{- Par{*, Twere s somae St‘jlow P’ijVDUP P A G

ket $= LPL P PSS be hwe Gomjugates ok P

i-e. %=E3P3~(,36675- Lt Q ke Gy P—%uloj‘ruup A G,
(¥ also ackk o e st |m.j cmducdahlm.

Btj wvshuchon, O acts Mhsfh‘vdn D, but @ may hot-

We oo winte

5:8,L0, L...0G,

wheve e ®i are T ovbite o S umder e achon of Q
Thus v = l@l\‘---- + ‘65\ Renumber the P g0 tmat twa
‘FWS*" F oelamunts are  epresem '}U'HULS o ek @a.

(.2 PL C‘@; for (=1, .., s. (Note: ¥ doesn't depond on Q) s otoq)

Thus | (@;,l‘- ‘Q:QFC\, where  Qp. is Twe chabilizer of P
But

Qp = e @] AR g =P S - Ny (PN, (BINQ=PRNQ, by

e lemma

s, (@)= |Q: P aQl.



|& we et Q’P,) w 3,@{- lﬁ‘l =(P(:P,QP, = [.

For ¢>1, P"#P';J?o P‘OP¢<PL So

(6;'\= !R’P(OP;IH fv  2€i<s
1

PDWera-‘(L e
Thus += |G+ l®z|+~--+(®..,l = = (mod p)
u —_
\ div. by p

e Wwe just showed that twe # of cohdujcn‘t% ol o S‘glow P'Yubjmup
s equiv. to | (mod pl. We'll wge twig v the proof.

Sujlow‘é 'Tlaeovwm,, Par\‘ 2

L) £ P is a S(jlow b — %u loﬂmu(a A G oamd @ vy P—Sulgjp
ot (zJ T 9 je(z .. Q < jP-\J iee O s oowtaingd iy
S umdujq{-e A P In }oavﬁ'wlav/ any two 3ljlow P—WBSVU\A(’.S

Qve umdujck{‘t (n CJ)

2) The Wumbev o SU\uw ya—guijuu}o_s o G s o twe form
L+ kp. (e

ne =| (mod p).

MOVLOULI/‘/ N, = l(A"Na(P)\ fov Py Clﬁ)\ow Y"”WL’SVDMP P

PE: Let @ be any Sylow p-subgroup.  Suppose () s not (owtaind



in - any w"'d“fl“(" o P, e oy =

Then QOR<Q v i, v

l&cl= IQQHP‘I>\ fovr 1<ics

-
Al'\l. b\j P

Thwes  p o divides la,l"---"les\ =k, a  tnbadichs.
Ty, Q< P; , v e i wheech proves Twa fivst pavt o l)

| & Q s a Sylow P‘WL’T’OUP, ers QéP; ’__."P But \Q\"'“)IJ
%o Q=P( owa () which fnighes e proof of LY.

Thus, every  Sybw p=subgqioup (5 One ot The Pi) 5o th=VE((MP).

Recall That we thowed That fue number o wwjuqates of a
subser ol a jl’bup is e index ot its hovwma [y 22v. —DAMJ

Np = \(A - N(,,(.P)\ fov- amy S’\J[O\N P—WL’JW‘P P g

Note twat s theorem implies That

W’Hj fwo S’tﬂlow (J-%ulojmu\os Qve [inovnov'olm'o.

We alsw  kinow Twat i€ np >l how o Twe Sll)[ow p—mbjmm}os Com. b2
hovimal. n fadt:



U(uiVa(w{-.

13 P i% TL‘»L Uw”'a(uz. Scﬁlow P‘WI’JWP A (a i.e. Vl',-.-l.

2.) PAg

3 18 966G is an auntomorp hiom ¥(P)-P (U’-- P is Lhmrad‘evid'i(,)

4 g XCG st. |x i Apower of P ¥ xeX, Tuen <X> '

o P—J VU\A.‘Q.

PE: 1) holdsc=> 4Py =P v q¢ G & P is  novmal,

So L) & 2').

(£ () holds hem for- Anang w'l"ovvval'n"%w\ (e.'&qch \C((P)‘t‘PL
w ((P):F w )=>3)

£ 3) L\O(JS, Twer, Hov oy je—G\, tomsider tue automorp hisonm
T:6-6 defined h—s gy Tuw Pz 9 (P)<qPq o

Pis hovmal i.e 3)=2).

L& 4 holds, Tw let X' be twvunion o all e Sylow p-subgps
Gach elt o X Mmust have ovdu a powerof p, w (x>

s a p-ubgp. Bub T it's wwlnined wa Sylow p—wlojlp.
= <xD=X=a Sylow p-subqroup



—T"W\—S, e i& Lﬂ"l(!j owne 3’\/\\10\/\) P‘m"‘\’)mf’/ S0 "l) =')l.)

e ) lnolols) Twn  leb ¥ have ovder o bPower of- p- T

(=7 < P amy wrob quch elements geruvate o ?ulojvuup oft
P/ which (¢ Twus a P ~gromp- w ) 7)‘1.). D

Exommples: Wt G be a funite Jrovp and p privae.

L) e p doesh't divide iC\\

J J

Wy | Which  has ovde, ‘o_f

is Twe Umiq e %Ulcw (J—W[of)mp.

2) 1¢ G is a4 finte cbelran group, Tuen all 1He Wlojwuyog avre,
hovmal, w i+ has & umigue  Sylow p-tubqup o eudn p.

\ ('w;oJ 2'}
l7,

3-3 l%sl"'z'%. I+ has %0 Scjlow Z-Yulojwuf.s <(ll)>/<(23)>/<(,‘3)>
| + has « wm{c‘w (ﬂnws hova.o.D Snj(dw B—ijmp <<|?'?°)>.

4-} lAql <1223 1+ has dusf tme %ljlow Z-Suhjp @—@— (Wo(u/q)
l'r\j a hw (m/u‘o(_z,w. 4+ has Y Stjlow 3-8'1403%&‘.

5) Note twat Dg adk #a,iTM(-‘ullb ™ ﬁ,z,a,q} 0 Dy Sq.

(Sql=2‘-l =23'3, Tl'lu-& CULmj %ﬂlow Zﬁubgmup s i?mmolqol'\l'(.
b Dy



H"O\NQ..VWI Sq L\as q e,leM{—g o—a@ dY'd\QV 2(

(v2), (13), (19), (23), (24), (34), (12)(9),(13)(24), (19)(23)

Wheolh mygt be in %tjlow Z‘Sqlojhm‘os. Qo hz_> l N,
dividus 3 and s [(MUA d) S Vlzzg-

M™Mere ape Mmove TMan 2 elemanty o2 avde,, 3/ Y0 l’l3>‘.
But n,

§ 50 ng=9.

We ave how able To prove Camchy's Throram  move j’“"muﬂ:

CQMO[A%LLFDMDVUW\,Z Let- G be a finite group amd YU PPOse pl(cﬂl.
T G hay o elonwunt vt ovdan- p-

'P_e_': Let P be a S(alo\/u P-sulojvbup. dince PlIQ(J P

l’l&z& OVM Po() S0 e d.él

We  showed P has pontvivial  cemter, wo p“?(P)’. Z(P) is

abeliomn , ,9‘3 Comchny's Twioveme  for abelion g RS
Tve 15 soma qe2(P st lyf=p o

Ld‘ C\ LJL o aVOMp ot ovduw [2"'3'22. We oy eithur

g—i(:
G hay a hov-ma | S(JIOW 3—?\/1193!/01,4{) ov C»gAq.

qupo% V\s Tﬁ’l Le,‘l‘ P& S‘alSCG)



hg = mod 3 ard ”SIL() So g = Y. Distinc bgups ol ovdur
3 inter set duﬁ— at e \“dUM{'H'lﬂ ol each Whave 2 elevants
A ovder 3, % O has 24 =% elamants 2 ovdu 2

[ 6:NG(PY| =ns=4 % N (P)=P

G acks by wnjugation  on Twe  Hur Sylow 3‘5’\/«\00%]05
%0 we g,d— a Pcrmuﬁhb\'\ Veplfe{uAHhUV\ LfCa ‘_’Sq_

T kerngl i T gu\ojvoup K <G which novimal izes all
e %\alow S'WMM\A}%‘. W pavticuloy, kéNQ(P)“PJ but P

1t wovmal %0 ‘<'—l. Thing Y s fV‘dtd‘fve) £d
G=Y(a) £ 9
There ave exactly 8 elemmmts of ovduwr D in Sq, all

Aq) Yo Lf(—(”)nAq hox af (east T elemmenk ("V\L(Ltdii\j
(s i&u\n'{'f@-

But  hotn groups have order 12, %o L(’(G\)=AqJ %o &'__"Aq
Ex: Lt p gl % be privaes, p+q, e | v ppose [Cﬂl =P16|r'

Well show G has o0 novmal Sylow Su\ojvuup (for eitwur
poov g . Lt Pesyli(6) Qe Sy, (6).



Case L P>‘L Then, VIPEl (mod PB but V\Pi‘l, , %o
np=l, s P26,

Cose L: p<q. | £ hﬁr:I’ Q 26, Mg assume l"‘]r>('

T Vl%:l*'éft,) Some t>0) trd [41- |p7‘, Thang M¢=P ov
P But 4P, S mﬁ-#P' Thas h¢=l+b1_=‘>2.

= tq =p = =(p+)(p-1

4 i8 prime w 4yll""’l ov ‘Lll"'(- Smee 4> P e latter
Com't mepw. %SJ %[PHJ So c’,-‘kﬂ-(.

| ave

But e ov\lLJ wo primes that hae a diH{;vuAu, o
2 omd 3, 50 pe2,9%3, amd l&[=12.

MS) Lr\g T Pveviow QXOVW\pLQ_) G has a novmal %\jluw ?)'S’ubjp
or Cmg/\q, whith has a novimgl g«j(ow Z—Wb\jm(?‘



